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We study theoretically a dynamics of ϕ0 junction with direct coupling between magnetic moment
and Josephson current which shows features close to Kapitza pendulum. We have found that starting
with oscillations along z-axis, the character of magnetization dynamics changes crucially and stable
position of magnetic moment ~m is realized between z− and y-axes depending on parameters of the
system. Changes in critical current and spin-orbit interaction lead to the different stability regions
for magnetization. An excellent agreement between analytical and numerical results is obtained for
low values of the Josephson to magnetic energy ratio.
A ferromagnet makes a strong influence on Josephson
junction (JJ), particularly, superconductor-ferromagnet-
superconductor (SFS) JJ oscillates between 0− and
π−junctions as thickness of ferromagnet increases [1–
3]. In a closed superconducting loop with π-junction a
spontaneous circulating current appears without applied
magnetic flux [4]. Very special situation is possible when
the weak link is a non-centrosymmetric magnetic metal
with broken inversion symmetry like MnSi or FeGe. In
this case, Rashba type spin-orbit coupling leads to a gen-
eral current-phase relation j = jc sin(ϕ − ϕ0), where ϕ0
is proportional to the strength of the broken inversion
symmetry magnetic interaction [5–7]. An important is-
sue is that the ϕ0-junction provide a mechanism of a
direct coupling between suppercurrent (superconducting
phase) and magnetic moment.
The mechanical analog with a simple pendulum with
applied torque occurred to be very useful to get a bet-
ter insight into a physics of Josephson devices [8]. Here
we introduce an another analog between magnetic ϕ0-
junction and a pendulum with oscillating point of sus-
pension. A particle moving simultaneously in the per-
manent field and in the field oscillating with a high fre-
quency, demonstrates a very interesting feature: new sta-
bility points appear at some parameters of the particle
and fields [9, 10]. The system, where such feature is
realized, usually is called as Kapitza pendulum. Partic-
ularly, in pendulum with vibrating point of suspension
(pivot point), the external sinusoidal force can invert the
stability position of the pendulum [9]. In this case the
bottom equilibrium position is no longer stable. Any tiny
deviation from the vertical increases in amplitude with
time. In the presence of a periodic drive, the unstable
fixed point can become dynamically stable. Kapitza pro-
vided an analytical insight into the reasons of stability
by splitting the motion into “fast” and “slow” variables
and by introducing an effective potential. This result
was first obtained by Kapitza in the high frequency limit.
By averaging the classical equations of motion over the
fast oscillations of the drive, Kapitza found that the “up-
per” extremum becomes stable for large enough driving
amplitudes. This pioneering work initiated the field of
vibrational mechanics, and the Kapitza method is used
for description of periodic processes in different physical
systems such as atomic physics, plasma physics, and cy-
bernetical physics (see [11, 12] and references therein). In
nonlinear control theory the Kapitza pendulum is used as
an example of a parametric oscillator that demonstrates
the concept of “dynamic stabilization”.
In this paper we study dynamics of ϕ0 junction with
direct coupling between magnetic moment and Joseph-
son current and found that applying the external volt-
age may lead to the different stability regions for mag-
netization. We have found the manifestation of Kapitza
pendulum features in the ϕ0-junction [13, 14]. Devel-
oping our previous approach [15], we have investigated
the effect of superconducting current on the dynamics of
magnetic momentum. We show that starting with oscil-
lations along z-axis, the character of ~m dynamics changes
crucially and stable position of ~m becomes between z−
and y-axes depending on parameters of the system.
The ac Josephson effect provides an ideal tool to study
magnetic dynamics in a ϕ0–junction. To realize the ac
Josephson effect, we apply the constant voltage V to the
considered ϕ0–junction. In such a case, the supercon-
ducting phase varies with time like ϕ(t) = ωJ t, where
ωJ = 2eV/~ is Josephson frequency [14, 16]. Dynamics
of considered system is described by the Landau-Lifshitz-
Gilbert equation
dM
dt
= γHeff ×M+ α
M0
(
M× dM
dt
)
(1)
2with effective magnetic field Heff in the form [14]
Heff =
K
M0
[
Γ sin
(
ωt− ϕ0
)
ŷ +
Mz
M0
ẑ
]
(2)
where γ – gyromagnetic ratio, α – phenomenological
damping constant, M0 = ‖M‖, Mi are components of
M, and we will use normalized units below mi =
Mi
M0
.
Here ϕ0 = r
My
M0
, r = lυso/υF , l = 4hL/~υF , L–length
of F layer, h–exchange field of the F layer, Γ = Gr,
G = EJ/(KV), EJ = Φ0Ic/2π is the Josephson energy.
Here Φ0 is the flux quantum, Ic is the critical current,
υF is Fermi velocity, the parameter υso/υF character-
izes a relative strength of spin-orbit interaction, K is the
anisotropic constant, and V is the volume of the F layer.
To investigate the dynamics of considered system numer-
ically, we write the equation (1) in the dimensionless form
(see system of equations (1) in the Supplement ). In that
system time is normalized to the inverse ferromagnetic
resonance frequency ωF = γK/M0 : (t → tωF ), so ω is
normalized to the ωF .
First we present results of numerical simulations of sys-
tem according to equation (1). Figure 1 shows dynam-
ics of magnetization components mz and my at different
parameter G demonstrating the re-orientation of the os-
cillations around z axis to the oscillations around y axis.
With increase in G, the component my goes from zeroth
to my = 1. Figure 1(a) demonstrates the time depen-
dence of mz at G = 5π. The character of oscillations
in the beginning and in the middle of time interval is
shown in the insets. We see that the average value of mz
deviates from one. Figure 1(b) shows the corresponding
oscillation of my. Figure 1(c) demonstrates a stabiliza-
tion of my oscillations around of some average values
of my between z- and y- directions with increase in G,
shows the re-orientation of oscillations at three values of
G = 10π, 20π, 50π. With an increase in G, time of re-
orientation from z-direction to y-direction is decreased
essentially. At enough large value of G (see G = 400π
in Fig.1(d)), the average value of my is getting close to
1. The oscillations show periodically splashing related to
the Josephson frequency. Inset demonstrates the jumps
of my from the value my = 1 with Josephson frequency.
The amplitude of jumps decreases in time and it is get-
ting smaller and in a shorter time with an increase in G.
We note that the effect of r leads to the similar features
as the changes in G. So, the situation is reminiscent
of Kapitza pendulum (a pendulum whose point of sus-
pension vibrates) where the external sinusoidal force can
invert the stability position of the pendulum [9]. Varia-
tion of average my as a function of frequency ω and G
is shown in Fig.2. We see that an increase in G makes
orientation of my along y-axis stable, but frequency de-
pendence differs from characteristic Kapitza pendulumn
behavior, as we can see below from the results presented
in Fig.4. The system of equations (1) describing dynam-
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Figure 1. (a) Dynamics of mz component at G = 5π, r =
0.1; (b) The same for my; (c) Effect of G at r = 0.5. The
numbers indicate the n value in G = nπ. (d) Dynamics of
my component at G = 400π, r = 0.1. In all figures α = 0.1,
ω = 5.
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Figure 2. The ω−G-diagram for averaged my shown by color.
ics of magnetic moment in angular variables mz = cos θ,
mx = sin θ cosφ, my = sin θ sinφ can be written as
φ˙ = cos θ1+α2−
Gr
1+α2
1
sin θ [cos θ sinφ− α cosφ] sin [ωτ − r sin θ sinφ],
θ˙ = − α sin 2θ2(1+α2)+
Gr
1+α2 [α cos θ sinφ+ cosφ] sin [ωτ − r sin θ sinφ].
(3)
In the case of absence of coupling between the magnetic
moment and the Josephson junction at G = 0{
φ˙ = cos θ1+α2 ,
θ˙ = − α sin 2θ2(1+α2) .
(4)
the solution has a form
θ(τ) = ArcTan
[
exp
{
log tan θ0 − ατ
1 + α2
}]
, (5)
3where tan θ0 is considered to be positive for simplicity.
So, the characteristic scale in time to order magnetic
moment along the easy axes is τ⋆ = 1+α
2
α . To real-
ize the Kapitza pendulum we should investigate the case
ω ≫ 2πτ⋆ = 2πα1+α2 , where ω is a frequency of the external
fast-varying field.
Let us consider that
θ → Θ + ξ,
φ→ Φ+ η. (6)
Here Θ and Φ describe slow movement, while ξ and η are
coordinates for fast-varying movement. Conditions for
ξ and η are discussed in the Supplement. We consider
θ = Θ, φ = Φ, where averaging is taken over the period
of the fast-varying force T = 2πω .
The system of equations for slow movement has a form
(see Supplement)
Φ˙ = cosΘ1+α2 − (Gr)
2rα
2ω(1+α2)2 · 1sinΘ [cosΘ sinΦ
−α cosΦ]{1− sin2Θsin2Φ} ,
Θ˙ = − α sin 2Θ2(1+α2) + (Gr)
2rα
2ω(1+α2)2 [α cosΘ sinΦ
+ cosΦ]
{
1− sin2Θsin2Φ}
(7)
There are some equilibrium points of the system following
from Θ˙ = 0, Φ˙ = 0.
Figure 3. Demonstration of equilibrium points of equation
(18). Arrows show stable points, other two are unstable.
The first pair is located on the equator
Θ0 = π/2,Φ0 = π/2 and Θ0 = π/2,Φ0 = 3π/2. (8)
Linearization of (18) after substitution Φ = Φ0+δφ,Θ =
Θ0 + δθ gives {
˙δφ = 11+α2 δθ,
δ˙θ = α1+α2 δθ.
(9)
It’s clear that δθ ∼ e ατ1+α2 , so these points are unstable.
Using (18) we find that the equilibrium points at Φ0 =
π
2 are described by equation
sinΘ0 =
−1 +
√
1 + 4β2
2β
, (10)
where β = (Gr)
2rα
2ω(1+α2) , which can be approximated as
sinΘ0 = β at small β. It has two solutions in the in-
terval 0 ≤ Θ0 ≤ π. Note that at Φ0 = 3π2 we have
sinΘ0 =
1−
√
1+4β2
2β which leads to the negative sinΘ0,
but Θ is always positive. So, there are no any stable
points at Φ0 =
3π
2 .
To find out if these points are stable we have to make
linearization of equation (18) near these points and test
eigenvalues of linearized system. The straightforward cal-
culation shows, that the real parts of eigenvalues of the
corresponding system are always negative. It means that
the second pair of points are always stable (see Supple-
ment).
Results of numerical calculations of the averaged my
as a function G at different frequencies are presented in
Fig. 4. We see that system reminiscent the Kapitza pen-
dulum behavior: averaged my component characterizing
changes of stability direction is growing with G. Char-
acter of behavior depends essentially on the frequency of
the fast-varying field getting very sharp at small ω. Fig-
ure 4 also compares the my(G) dependence obtained by
analytical and numerical calculations. We see results at
three frequencies: ω = 0.5, 20 and 70. Analytical de-
pendence calculated according to the formula (19). Two
methods are used for numerics: numerics-1 is based on
standard program “Mathematica” (shown by triangles,
calculated for ω = 70) and numerics-2 presents results of
direct solution of system (1) based on the Runge-Kutta
fourth order. Both numerics gives practically the same
results. An excellent agreement between analytical and
numerical results is obtained at low G, depending on fre-
quency of the fast-varying field. For high frequencies the
coincidence is still good at rather large G.
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Figure 4. Comparison the data of theoretical and numerical
calculations for G-dependence of the averaged my at different
frequencies and r = 0.5 and α = 1. Thin lines show theoreti-
cal G-dependence of my according to formula (19). Symbols
show numerical results, thick lines guide the eyes.
Table shows the values of the averagedmy obtained by
4Table I. my from the theory and the numerical results
G Θ0 analytic my numerics-1 numerics-2
15.7 1.462 0.109 0.108 0.109
31.4 0.387 0.369 0.376 0.378
47.1 0.663 0.577 0.611 0.616
62.8 0.859 0.689 0.748 0.756
157 1.272 0.817 0.945 0.956
analytic and numerical calculations at different G. The
difference in values of the averaged my obtained by all
three used methods is rather small. There is an essential
difference between the original Kapitza pendulum and
our system. In Kapitza pendulum the stability of new
equilibrium point is determined by amplitude and fre-
quency of external force. In our case, two new points are
always stable and their positions on the sphere is deter-
mined by parameters of the system.
In our case, two new points are always stable and there
positions on the sphere is determined by parameters of
the system. Figure 5 shows vector fields in the plane
0 ≤ Φ ≤ 2π, 0 < Θ < π according to the equation (18)
at two different values of G: 5π and 50π. It demonstrates
that with an increase in G two equilibrium positions are
approaching the third unstable one Φ = π2 , Θ = 0. This
result is in agreement with (19), which shows that an
increase in G leads to the increase in β, and to the ap-
proaching of sinΘ0 to one.
Figure 5. Phase planes (18) at G = 10π (left) and G =
50π (right). Here r = 0.5, α = 1, ω = 70. Red points
are stable equilibrium points which are calculated from (19),
black points are unstable (8). With increase in G stable red
points are approaching unstable ones Φ0 = π/2, Θ0 = π/2.
There is another interesting phenomena which is real-
ized in our case. With changing parameters of the sys-
tem, the stable equilibrium positions of “slow” movement
are approaching unstable one Φ = π2 , Θ = π/2. When
the distance between them is getting comparable with an
amplitude of “fast” one, all three special points of “slow”
system effectively are merged.
In conclusion, we have demonstrated that the coupling
between magnetic moment and Josephson phase differ-
ence in ϕ0 junction may effectively lead to the strong
re-orientation of magnetic easy axis under the applied
voltage. This serves a manifestation of the Kapitza-like
pendulum behavior and open a new way to the magneti-
zation control by a superconducting current.
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METHOD
Full system of equations for magnetization:
m˙x = −mzmy + Γmz sin [ωτ − ϕ0] + α [mym˙z −mzm˙y] ,
m˙y = mzmx + α [mzm˙x −mxm˙z] ,
m˙z = −Γmx sin [ωτ − ϕ0] + α [mxm˙y −mym˙x] .
(11)
Themx,y,z = Mx,y,z/M0 satisfy the constraint
∑
α=x,y,zm
2
α(t) = 1. In this system of equations time is normalized to
the inverse ferromagnetic resonance frequency ωF = γK/M0 : (t→ tωF ), γ is the gyromagnetic ratio, andM0 = ‖M‖.
System of equations of magnetic moment motion in angular variables mz = cos θ, mx = sin θ cosϕ, my = sin θ sinϕ
has a form: {
φ˙ = cos θ1+α2 − Gr1+α2 1sin θ [cos θ sinφ− α cosφ] sin [ωτ − r sin θ sinφ],
θ˙ = − α sin 2θ2(1+α2) + Gr1+α2 [α cos θ sinφ+ cosφ] sin [ωτ − r sin θ sinφ].
(12)
We consider that
θ → Θ+ ξ,
ϕ→ Φ + η. (13)
Here Θ and Φ describe slow movement, while ξ and η are coordinates for fast-varying movement. We consider θ = Θ,
φ = φ, where averaging is taken over the period of the fast-varying force T = 2πω .
Using (13) in the system of equations (equ. (3) in main text), and expanding on the ξ and η till members of first
order, we get 
Φ˙ + η˙ ≈ cosΘ1+α2 − ξ sinΘ1+α2 + Fφ(Θ,Φ, τ)+
∂Fφ(Θ,Φ,τ)
∂Θ ξ +
∂Fφ(Θ,Φ,τ)
∂Φ η,
Θ˙ + ξ˙ = α sin 2Θ2(1+α2) + ξ
α cos 2Θ
(1+α2) + Fθ(Θ,Φ, τ)+
∂Fθ(Θ,Φ,τ)
∂Θ ξ +
∂Fθ(Θ,Φ,τ)
∂Φ η.
(14)
where {
Fφ(Θ,Φ, τ) = − Gr1+α2 1sinΘ [cosΘ sinΦ− α cosΦ] sin [ωτ − r sinΘ sinΦ],
Fθ(Θ,Φ, τ) =
Gr
1+α2 [α cosΘ sinΦ + cosΦ] sin [ωτ − r sinΘ sinΦ].
(15)
For the fast movement we have{
η˙ = − Gr1+α2 1sinΘ [cosΘ sinΦ− α cosΦ] sin [ωτ − r sinΘ sinΦ],
ξ˙ = Gr1+α2 [α cosΘ sinΦ + cosΦ] sin [ωτ − r sinΘ sinΦ],
(16)
because other terms are proportional to ξ or η, while η˙ ∼ ωη≫ η, ξ˙ ∼ ωξ ≫ ξ.
By direct integration we see that{
η = Grω
1
1+α2
1
sinΘ [cosΘ sinΦ− α cosΦ] cos [ωτ − r sinΘ sinΦ],
ξ = −Grω 11+α2 [α cosΘ sinΦ + cosΦ] cos [ωτ − r sinΘ sinΦ].
(17)
6Using these ξ, η in equation 14 and do averaging over T = 2πω , we are obtaining the system of equations for slow
movement 
Φ˙ = cosΘ1+α2 − (Gr)
2rα
2ω(1+α2)2 · 1sin Θ [cosΘ sinΦ
−α cosΦ]{1− sin2Θsin2Φ} ,
Θ˙ = − α sin 2Θ2(1+α2) + (Gr)
2rα
2ω(1+α2)2 [α cosΘ sinΦ
+ cosΦ]
{
1− sin2Θsin2Φ}
(18)
STABLE POINTS
Linearization of (18) after substitution Φ = Φ0 + δφ,Θ = Θ0 + δθ at the equilibrium points
Φ0 =
π
2
,
Θ0 = ArcSin
−1 +
√
1 + 4β2
2β
or Θ0 = π −ArcSin −1 +
√
1 + 4β2
2β
(19)
gives 
˙δφ = − α1+α2 δφ+
{ √
1+4β2
β2(1+α2)
}
δθ,
δ˙θ =
√
1+4β2−1
2β(1+α2) δφ+
{
α(−1−4β2+
√
1+4β2)
2β2(1+α2)
}
δθ.
(20)
Eigenvalues of this system are
λ1 =
−
√
4α2β4 + 8α2β2 − 4α2
√
4β2 + 1β2 − 2α2
√
4β2 + 1 + 2α2 − 32β4 + 8
√
4β2 + 1β2 − 8β2
4 (α2 + 1)β2
+
+
−6αβ2 + α
√
4β2 + 1− α
4 (α2 + 1)β2
,
λ2 =
√
4α2β4 + 8α2β2 − 4α2
√
4β2 + 1β2 − 2α2
√
4β2 + 1 + 2α2 − 32β4 + 8
√
4β2 + 1β2 − 8β2
4 (α2 + 1)β2
+
+
−6αβ2 + α
√
4β2 + 1− α
4 (α2 + 1)β2
.
(21)
λ1 and λ2 are negative. So, these points are stable. Let’s test it. The denominator is always positive. α > 0, β > 0.
A = −α(1 + 6β2 −
√
4β2 + 1),
B =
√
4α2β4 + 8α2β2 − 4α2β2
√
4β2 + 1− 2α2
√
4β2 + 1 + 2α2 − 32β4 + 8β2
√
4β2 + 1− 8β2
(22)
We see, that imaginary part may occur only when B is imaginary. If B is imaginary, the points are stable because
A is always negative. Let B be the real, in this case we can find instability (λ1 or λ2 are positive) if it does exist.
A = −α(1 + 6β2 −
√
4β2 + 1) < 0 always. We have
|A|2 − |B|2 = (α2 + 1)8β2
[
1 + 4β2 −
√
1 + 4β2
]
≥ 0. (23)
It means that
|A| ≥ |B|,
−|A|+ |B| ≤ 0. (24)
So, these points are stable equilibrium point.
7CONDITIONS FOR THE THEORY
There are two ways to formulate conditions when our theory works. In the first way we imply that adding to angles
Θ and Φ, arriving from the fast movement are small in comparison with 1. So, we need to estimate ξ and η on the
trajectory of slow movement. To do it, we need Θ(τ) and Φ(τ). From the phase portrait (see Fig. 5 in the main text)
we see that starting from an arbitrary point on the sphere, the magnetic moment tends to line up towards to one of
the stable points, so the trajectory is attracted by these points. We may evaluate ξ and η near the equilibrium points
and make them to be small in comparison to 1.
η = Grω
1
1+α2
1
sinΘ [cosΘ sinΦ− α cosΦ] cos [ωτ − r sinΘ sinΦ]
∣∣∣∣
Θ=Θ0, Φ=Φ0
∼ Grω 11+α2 cosΘ0sinΘ0 ≪ 1,
ξ = −Grω 11+α2 [α cosΘ sinΦ + cosΦ] cos [ωτ − r sinΘ sinΦ]
∣∣∣∣
Θ=Θ0, Φ=Φ0
∼ Grω α cosΘ01+α2 ≪ 1.
(25)
The second approach is to calculate the fast movement changes mx(τ), my(τ), mz(τ) near equilibrium points and
make terms arriving from the fast movement slightly deflect the moment from the equilibrium points. Let’s consider
my(τ) near stable my0, Φ0 = π/2, sinΘ0 =
−1+
√
1+4β2
2β , ξ and η written in (17). So, we have
my = sin (Θ0 + ξ) sin (Φ0 + η) =
= [sinΘ0 cos ξ + cosΘ0 sin ξ] [sinΦ0 cos η + cosΦ0 sin η] =
= sinΘ0 cos ξ cos η + cosΘ0 sin ξ cos η.
(26)
We are interested in the situation when the fast movement slightly changes the slow movement. It means that we
should imply cos ξ cos η ≈ 1 and sin ξ cos η ≈ 0 when the averaging is taken over the period 2π/ω. It may be read as
cos ξ cos η =
1
2π/ω
∫ 2π/ω
0
dτ cos
[
−Gr
ω
α cosΘ0
1 + α2
cos [ωτ − r sinΘ0]
]
×
× cos
[
Gr
ω
1
1 + α2
cosΘ0
sinΘ0
cos [ωτ − r sin θ sinφ]
]
=
=
1
2π
∫ 2π
0
dy cos
[
Gr
ω
α cosΘ0
1 + α2
cos y
]
cos
[
Gr
ω
1
1 + α2
cosΘ0
sinΘ0
cos y
]
=
=
1
2π
∫ 2π
0
dy cos [A cos y] cos [B cos y] =
1
2
[J0(A −B) + J0(A+B)] =
=
1
2
[
J0
(
Gr
ω
α cosΘ0
1 + α2
− Gr
ω
1
1 + α2
cosΘ0
sinΘ0
)
+ J0
(
Gr
ω
α cosΘ0
1 + α2
+
Gr
ω
1
1 + α2
cosΘ0
sinΘ0
)]
≈ 1.
(27)
Here A = Grω
α cosΘ0
1+α2 , B =
Gr
ω
1
1+α2
cosΘ0
sinΘ0
. In the same way one may notice that cos ξ sin η = sin ξ cos η = 0 (ξ(τ) and
η(τ) are 2π/ω-periodical functions in τ).
Also, for z direction we have to calculate new condition
mz = cos (Θ0 + ξ) = cosΘ0 cos ξ + sinΘ0 sin ξ (28)
So, we have to imply cos ξ ≈ 1, sin ξ ≈ 0.
cos ξ =
1
2π/ω
∫ 2π/ω
0
dτ cos
[
−Gr
ω
α cosΘ0
1 + α2
cos [ωτ − r sinΘ0]
]
=
= J0
(
Gr
ω
α cosΘ0
1 + α2
)
≈ 1.
(29)
sin ξ =
1
2π
∫ 2π
0
dy sin (A cos y) = 0. (30)
For x direction
mx = sin (Θ0 + ξ) cos (Φ0 + η) =
= sinΘ0 cos ξ sin η + cosΘ0 sin ξ sin η.
(31)
8So, ∣∣sin ξ sin η∣∣ =
=
1
2
∣∣∣∣J0(Grω α cosΘ01 + α2 − Grω 11 + α2 cosΘ0sinΘ0
)
− J0
(
Gr
ω
α cosΘ0
1 + α2
+
Gr
ω
1
1 + α2
cosΘ0
sinΘ0
)∣∣∣∣≪ 1. (32)
So, new conditions are 
1
2 [J0(A −B) + J0(A+B)] ≈ 1,
J0 (A) ≈ 1,
1
2 |J0(A −B)− J0(A+B)| ≪ 1.
(33)
One should notice that conditions (33) are fulfilled, when A and B are small. It implies
A =
Gr
ω
α cosΘ0
1 + α2
≪ 1,
B =
Gr
ω
1
1 + α2
cosΘ0
sinΘ0
≪ 1.
(34)
We see that these conditions are coincide with (25).
